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W#VE PROPAGATION IN A DC SUPERCONDUCTING CABLE
Part I: Analysis*”

P. Chowdhuri, Senior Member, IEEE M. A. Mahaffy

Los Alamos Scientific Laboratory
Los Alamos, NM 87545

Abstract - We consider a dc supercondur:ing cable
design consisting of four concentric metallic cylin-
ders, of which two carry the load current dnd two com-
prise the cryogenic ef,closure. When a transient volt-
age is impressed across such a cable, the major di-
electric may not be fully stressed to its design val-
ue, and unwanted voltage stresses may develop across
other parts of the cable. This paper analyzes the
surge-voltage propagation characteristics of a four-
conductor dc superconducting cable for a step-function
input voltage. This analysis, although mainly direct-
ed to superconducting cables, is also applicable to
other multiconductor transmission lines. A companioo
paper discusses the parametric effects of the cable
system in optimizing the voltage distribution.

IN~OOUCTION

The advantages of transmitting bulk power by a dc
superconducting cable has been described previously
~]. However, such a cable must operate reliably un-
der system constraints, e.g., harmonics on the dc,
system faults, and transient overvoltages. The behav-
ior of a dc superconducting cable,,which is being de-
veloped at the Los Alamos Scientific Laboratory
(LASL), under dc harmonics and system faults has been
reported in an earlier paper [2]. This paper dis-
cusses the theory of wave propagation in a multicon-
ductor cable system and describes the response of a dc
superconducting cable of a specific design to tran-
sient voltages. The effects of parametric changes in
the system as well as in the cable design, including
those of dc conventional cables, are discussed in a
companion paper [3].

Figure 1 shows the dc superconducting cable of
LASL design. It consists of fo~r concentric cylin-
ders. The innermost cylinder (conductor 1) carries
the load current and consists of suhcables made up of
wires of multlfilamentary Nb3Sn superconductor em-
bedded In copper matrix. The second cylinder (conduc-
tor 2), which carries the retuvn current, also con-
sists of copper-stabilized multtfilt:mentary Nb3Sn
superconductor. The cryogenic enclosure is composed
of the tnird and fourth concentric cylinders. The
Inner cylinder (conductor 3) of the cryogenic enclo-
sure Is made of stainless steel and the outer cylinder
(conductor 4) of carbon steel. The space between con-
ductors 1 and 2 is f~lled with wrapped tape dfeleci.ric

?Work performed under the auspices of the U.S. Depart-
ment of Energy.
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Fig. 1. Conceptual design of a four-conductor dc
superconducting cable.

to withstand the system voltage - steady-state dc and
transient overvoltages. The space between conductors
2 and 3 is filled with supercritical helium at 1.33
MPa and 12 K. The space between conductors 3 and 4 is
evacuated and filled with multilayer thermal insula-
tiorl. Conductor 4 is isolated from earth by a thin
layer of insulation.

When a transient appears on conductor 1, mUlti-

velocity voltage waves will propagate along the four
conductors and create voltage differences ac?oss each
pair of conductors, caused by the disparity in the
wave velocities that did not exist initially [~1. A
flashcver or puncture may cccur between any pair of
conductors if the voltage build-up across the conduc-
tor pair exceeds the dielectric strength of the space
between them. The weak member of the system may be
the evacuated space filled with multilayer thermal
insulation within the cryogenic enclosure. Repeated
punctures within this space would increase heat leak
to the cable, reducing its efficiency.

MET!+OOOF ANALYSIS

A “high-power dc superconducting cable wfll most
likely transmit power from an energy park to an urban
load center, or to feed power to a metropolis fI-om
rural over$ead lines. Such a cable will be long (59
km or longer). Although the return-current conductor
(conductor 2) and the cryogenic enclosure (conductors
3 and 4) are nominally at ground potential for steady-
state operation, this assumption may not be valid un-
der transient conditions. To inhibit stray current
fran flow~ng through these “grounded” conductors, ore
end of each of thes,’conductors will be kept isola~ed
from ground either by keeping one terminal open or
connecting It to earth through a capacitor or through
a surge arrester’. Furthermore. even when one terminal
Of each of these three conductors is grounded; there
wI1l always be a ffn{te grounding resistance between
the condl’ctorand the earth. Tnerefore, the analysfs
should include the resistance of each conductor and
the termlna! groundfng conditions.
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The analysis beccmes simple if it is assumed that
the earth is Qerfect. i.e., an earth of infinite elec-

EARTH

trical conductivity.- In practice this ideal condition
is never met. The problem becomes more complex if the
long cable is laid not only in regions of di~ergent
earth resistivities but also in layers of earth of
different resistivities. Moreover, lack Of pWCiSe
knowledge of the earth resistivity precludes exact
numerical computations. In spite of these difficul-
ties, It is worthwhile to study the effect of imper-
fect earth in order to assess the manner in which at-
tenuation and distortion of voltage waves in a cable
takes place.

Rudenburg-Hayashi Model of Transient Impedances

Transient phenomena, such as switching and light-
ning surges, are usually analyzed csing the Laplace
transform. Therefore, it is desirable to express the
translefitimpedances in terms of the Laplace-transform
operater s.

Rudenberg”s analysis [5] of imperfect eartfi has
been extended by Hayashi [6] so that the earth-
correction terms can be expressed in terms of the oP-
erator s. Rudenberg has represented an underground
cable by laying its center conductor on the ground
level at the center of a groove of a semicircular
shape of radius h from which the earth has been
scooped out, h being the distance of the center con-
ductor of the original cable from earth (Fig. 2). The
ground impedance as a function of the Laplace-
transform operator ~ can therlbe expressed as

Zg(s) = 691s1/2 -692 +6g3s-li2-... (1)

For fast transients, only the first two terms are im-
portant, where

agl = qxlo-q
6g2 ■ Rg/4
Rg = 2p / h2
:g = soi! resistivity, n-m

= distance of center conductor af cable from
ground, m

Similarly, the transient impedance of the cable con-
ductor can be expressed as

Zc(s)

where

6C1 =
Isct=
Rc =

For a

=6cls1/2 +6C2 + ...... (2)

q-q Y 10-4

! c resistance of the conductor.

cable consisting of n concentric cvlinders. the
earth-correction imped%ce matrix will the; be -

[6] u s1/2[~] +[62], (3)

where

[

(6C11 +Sgll) $11 ““”””” $11

[61] -
y 1
..

6;1:............(6c1n+6g11 J
and

[

@c21 -agz,) - ~g~l .“...-dg~l

[62] =
-6421 1●.4;2,...!tc2n....!tc2n-$21)

A. ACTUAL dcSPTL CONFIGURATION
—.

B. EQUIVALENT dCWL@NfIGURATION

Fig. 2. Rudenberg’s model of cable in imperfect earth.

Solution of Transmission-Line Equations—

The Laplace transform of the transmission-line
voltaqe equations can be written In matrix form as

. ..- .“

-#[~]/a# = (S2[L][G]+S* [61][C]+S[62][C]) ~

= IQ12m (4)

where

[Q]2 = (s’[L][C] +s* [61][C] +s[62][C]) ,

[L] and [C] are the inductance and capacitance
matrices of the n-conductor cable, and

[81] and [62]”are given byEq. (3).

The solution of Eq. (4) is given by

=~pi-s[M]~)exp(-& [B1]z/2)exp(-[B2]Z/2)}x

NOI, (5)vhere

[M] = [L][C],

[Bl] = [M]*’2[M]-l [61][C],

[B2] = [MJV2 [M1-’[U21[C1,

l?JJ=~ats=o.

‘Each of the three exponential terms needs to be
expanded by Sylvester’s expansion theorem [6], giving

n,

exp(-s[M];A) ●x exp(-sqlr~) [alr] (6)
r=l

n2 ●

~
axp(-@B1]z/2) - ~m exp(-&q2rC/2)[a2r] (~)

n3

exp(-[B2]~/2) = ~lexp(-q3r/2)[ a3rl, (8)
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where p~l,..,.nl

[~,rl= -rl-
Ptr

p=l,....n2

[~,rl- -TJ

p=lp....n3

“3r]= lT
pkr

(p )Cl*[u] - [M] ‘2p

q2p - qzr *

(:, )q~ [u] - [W ‘3P

q - qqr ,

cflr(r= 1,... ) are dfstinct eigenvalues of [Ml,
qz

\

and q3r ? re distinct eigenvalues of [El]
B2] respectively,

[U ■ Identify matrix,~,-
■ order of degeneracy of ~p ei9envalue (

1,?,3), and

and

i=

‘n+-. .tinl “21+.. ”’%2 ‘d31+”. .Mn3 ‘n

Boundary Cond~tions

1% length of the cable has been asswned to be
serif-infinitein this study; therefore, there would be
no reflections from the far end. A voltage VOI Is
injected into conductor 1 at r=O, while the other con-
ductors are either grounded through a grounding re-
sistance Rg or left open. In this case, V02...V
need to be evaluated. These values can be obtained,
for known grounding resistances, by solving for the
currents at ~=0.

The Laplace transform of the current matrix Is
given by

~ ■ -s[C@Vldr, (9)

where ~ Is obtained from cqs. (5)-(8).

Final Solution

The closed-form solutior,for the voltage waves, in
time dcxnain,1s shown in the following equation.

n

p

‘2
[V(t)] ■ [al Kl ~ [a2Ll@rfc(q2L’/4~)x

kml L=l
n

lx I Iu(t-qp)x (10)

[aw]exp(.qh~/2) [Vo(t)l
where

dt-ql<) m Delayed unit function.

Cable Parameters

Canputation of the voltage waves requires that the
resistance matrix [6] , the inductance ma*rix ~], and
the capacitance mat-lx [C of the cable be known. As

1discussed before, the [6 -matrix was ccmputed by
Hdyashi’s method.

The [L]-matrix was evaluated by computing
Maxwell’s electrcunagneticcoefficients frcrn the fol-
lowing set of equat!ons,

+r ‘Lrlll + ,....+Lr,~~ +.....+ Lrnln , (11)

yhere

Lrs ~ L~r,

3

~r= total magnetic flux linking conductor r,
Ir ■ current flowing through conductor r, anc
r ■ 1,.......... n.

The transient current was assmed to flow along the
outer surface of the conductor. The permeability (P)
of d magnetic material was assuned equal to that (P )
of free space when a steep-front transient is applle%.
The coefficients of inductance (Lrs) are then 9iven
by

Lrs = (I,Io/2m)In (h/rSo).fc’rr*, H/m. (12)

where

■ 4nx 10-7 Him,
h ■ distance of earth.frcxncenter of cable, m

rso = outer radius of cnnductor s, m.

The [Cl-matrix was evaluated by computing
Maxwell’s electrostatic coefficients frcrn the follow-
ing set of equations,

Qr ■ Prlel+..... +prses + .... +prnen (13)

pr~. p,r

where

Qr = Electrostatic charge on conductor, r,
er = Potential of conductor r, and
r = 1, ..... n.

The coefficients prs are then given by

% ■
Ln(h/rno]/2mcn for r <n (14)

pr(n-1) = pnn ‘tn(rnf/r(n.l )o)/2fic(n-1) ‘or ‘<(n-l)

where

I%e

[cl

Cn = permittivfty of ccnductor
rni = inner radius of conductor
rno = outer radius of conductor

[C]-matrix Is then given by

■ [P]-’

CMIPUTATION OF VOLTAGE

Cable and System Parameters

II, F/P
n, m
n, m

(15)

WAVES

The conceptual design of the cable is shown in
Fig. 1. Table I shows the pertinent parameters of the
clble. In the analysis, the transient current was
assmed to be expelled frmn the superconductor into
the stabilizing copper. The conductors were assumed
to be perfect concentric cylinders, afld the cable
smi-infinite in length.

The unit step-functicn voltage wav(! was applied
to conductor 1 at x=9 while each of the other three
conductors were connected to earth through a grounding
resistance of 10 fl. Th? earth reslstivity was assumed
to be 100 fl-m.

A companion paper shows the effects of #arious
values of grounding resistance, earth resistivity, and
cable design parameters on the propagation character-
istics of the voltage waves [3].

Ccmlputatlon

A numerical Fortran
oped to solve the voltag?

computer program
equations for a

was devel-
given cable
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TABLE I

Parameters of 100-kV dc Superconducting Cable

Outer radius of conductor 1, ‘lo = 22.7 mn

DC resistance of conductor 1, Rcl ■ 0.2 @l/m

Inner radius of conductor 2, ’21
= 28.3 nsn

Outer radius of conductor 2, ’20 = 35.0 m

OC resistance of conductor 20 RC2 ■ 0.2 @/m

Inner radius of conductor 3,
’31

■ 45.0 m

Outer radius of conductor 3,
’30

= 49.0 m

OC resistance of conductor 3, RC3 ■ 440.0 ufl/m

Inner radius of conductor 4, ’41 = 90.0 InTl

Outer radius of conductor 4, ’40 = 94.0 InTl

DC resistance of conductor 4, RC4 ■ 43.0 @/m

Olstance of cable center to earth, h = 98.OImn

Dielectric constants: kl ■ 2.2

k2 ■ 1.0

k3= 1.0

k, ■ 3.0

configuration. The voltage waves on eACh conductor of
the cable, as per unit of the applied voltage, are
cunputed at time and distance coordinates sp~’cifiedby
the user.

The data put into the program are the number of
conductors in the cable, their dc resistances and ra-
dii, the dielectric constants of the materials between
the Conductors, the known initial voltages, the dis-
tances between the center of conductors and earth, the
earth resistivity, and the terminal resistances be-
tween the conductors and earth at z=O.

The cude includes a graphics package
two-dimensicmal graphs of the wavefronts
distances.

Figure 3 shows the voltaqe waves on

which plots
at specified

each of the
four c&ductors of the cable ‘at distances of 0.1, 1,
and 10 km from the origin.

DISCUSSION

Interpretation of Data

Hlth reference to Fig. 3, the original wave is
‘split Into four component waves traveling at unequal
velocities. All four component waves are present on
conductor 1. The number of compcment waves decreases
pvgressively from conductor 1 ~ conductor 4. One
single voltage wave of small magnitude -avels on con-
ductor 4 (nearest to earth). This component wave
which is present on all four conductors dt z ■ O is
highly attenuated within a short distance from the
origin. This wave is not discernible in the figures.

The voltage between each conductor and ground
changes abruptly as the component voltage waves arrive
at a point along the cable at different times. For
instance, conductor 1 experiences abrupt voltage
changes at 3.45, 3,66, 5,77 and 6.93 US as the four
component waves arrive at z= 1 km (Fig. 3b). Simi-
larly, thre’ component waves arrive on conductor 2 at
3.45, 3.86, and 5.77 Ps; two component waves on con-
ductor 3 at 3.45 and 3.86 PS; and, one sir!glewave on
conductor 4 at 5.77 Ps. The component wave (of small
magnitude) which arrives at x . ~ km on all four

,. ::. .:. .[/:: , “
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Fig. 3. Step r?sponse of a scni-infinite 10(1-kVfour-
condu.tor dc superconducting cable.
R ■ lon at X=o;pg = loon-m.
(~)x ■ loom; (b)z ■ 1 km; (C)Z = 10 km.
Four, three, two and one component waves
travel along conductors 1, 2, 3, and 4,
respectively. The ccmponent wave which is
present on all four conductors is highly
attenuated and is not discernible in the
figures.



conductors at 5.77 us is highly attenuated within a
short distance from the Jr~@n. This wave is zot dis-
cernible in the figures.

The primary voltage wave on conductor 3 (stainless
steel) attenuates significantly with time. With in-
crease in distance along the cable, the peak value of
this wave increases, although the attenuation rate
with time increases also. In general, the front time
of the component waves increases with distance aiong
the cable.

The voltage difference between each pair of con-
ductors can also be ascertained from Fig. 3. Atz = 1
km (Fig. 3b), no voltage difference appears between
conductors 1, 2, and J until the second wave arrives
on conductors 1 and 2 at 3.86 us. Conductors 1 and 2
remain at equal voltages until the fourth wave arrives
on conductor 1 at 6.93 I.Is,when about 0.65 P.U. is
developed across conductors 1 and 2. The voltage
spike developed across the cryogenic enclosure (be-
tween conductors 3 and 4) at ~ = 1 km is about
0.20 p.u. For a 100-kV cable (BIL = ?50 kV), 50 kVof
transient voltage will thus he impressed across the
cryogenic enclosure. About 0.24 P.U. (i.e. 59.5 kv)
will be impressed across the helium space between con-
ductors 2 and 3. The major dielectric (between con-
ductors 1 and 2) will cwry only 0.65 P.U. (i.e. 162.5
kV).

The voltage stress across the cryogenic enclosure
can be relieved by reducing the 61L (hence the steady-
state voltage rating) of the cable. Other alternative
solutions such as metallic shorts across the enclosure
at regular intervals and design optimization in the
cable and system can also reduce this voltage stress.
Parametric changes in the cable and system are dis-
cussed in the companion paper [3].

Limitations of the Analysis

The 6-matrices were evaluated by considering only
the first two terms of the Eqs. (1) and (2) in order
to keep the analysis simple and manageable. As a con-
sequence, this dnalysis is valid at the wavefront of
transients. To provide definition to the valid time
duration, extensive computations were carried out by
comparing results from the first terms of Eqs. (1) and
(2), with those from the first two terms.

It was found that one of the eigeuvalues (q )
of the B2 matrix in Eq. (8) was negative. This W~~}
increase the corresponding exponential term in Eq.
(10) with increase in distance dlong the cable. It
was also found that all but one resultant matrix,
[al~ x [a2kl xCa3ml, which is multiplied by this
exponential term, is null. It Wi]s essential that this
particular matrix is non-zero so that the initial con-
ditions at x=O are consistent. This term was evalU-
ated by using the exponential equivalent of erfc(y)
for large values of y, i.e.,

erfc(y) = exp(+y2)/yfi, (16)

The time limit was set such that Y2 >q3mX/2.
By simplifying the algebra, one gets

where

t = time limit
= lhlK*a:~dqm

~~~” ‘F#g to tie non-zero
are the eigenvalues ccr-

matrix [alk]x
F~$~a3~,

More terms of Eqs. (1) and (2) should be included
if computation at longer times is desired. AS the
front time is of concern in most applications, inclu-
sion of just the first two terms of Eqs. (1) and (2)
should be sllffic~ent,considering the elegance, sim-
plicity, and economy in computation time of the method
described.

CONCLUSIONS

(1)

(2)

(3)

[11

[2]

[3]

[41

[51

[61

The step response of a dc superconducting cable
to transient voltages has been described using
the Laplace transformation technique, taking into
account the transient impedances of the cable
conductors and earth.

Transient voltages will not stress the mejo) di-
electric of the cable system to its full BIL ca-
pability.

Surge protection, cable design optimization, and
system coordination will be required to limit
transient voltages across the cryogenic enclosure
of the cable.

REFERENCES——

P. Chowdhuri and F. J. Edeskutv. “Bulk Power
Transmission by Supercond(lctingD~- Cable,” Elec-
tric Power Systems Research, vol. 1, no. l=.

P. Chowdhuri and H. L. Laquer,. “Some Electrical
Characteristics of a DC SuDerconductina Cable.”
IEEE Trans. on Power Appara~us and Syst~, vo~.

7, no. 2J PP. 3 -408s .

P. Chowdhuri and M. A. Mahaffy, “Wave Propagation
in a dc Superconducting Cable. Part 11: Para-
metric Effects,” $lnftted to the 1979 Summer
Meeting of IEEE Power Engineering Society.

L. V. Bewley, Traveling Waves on Transmission
-“ New York: John Wiley & Sons, 1951.

R. Rudenberg, Transient Performance of Electrical
~wer Systems. New York: McGraw-Hill, 1950.

s. Hayashi, Surges on Transmission S_ystems.
Kyat~: Denki.Sloin, 1955.



1 !:’.:’ 1!”” 24 li, -: .

v“’ ~ Mary-Anne hiahaffywas born in Torrance, CA, on Novem-
M’52-SH’60) received B.SC. in / !iihe-received the B.S. degree in physics

f% ~ntioc; College, Yellow Springs. and the M.S.physics dnd M.SC. in applied
physics fr~sthe Calcutta Uni-
versity, in electrical
engineering .~cience from the
Rensselaer Polytechnic insti-
tute in 1945, ‘1948, 1951 and

BZB::::*:J:E::

Lightning Arresters Design Sec-

tric Corporation, East Pitts-
burgh, PA* High-Voltage Labora-

~~rtes of the Naschinenfabrik Oe:”likon,Zurich, Switz-
erland, and of the High Voltage Research Commission
(FKH), Daeniken, Switzerland. lie joined the General
Electric Ccmpany in 1956, where he had various assign-
ments, at the qigh-Voltage Laboratory, Pittsfield, MA,
the General Engineering Laboratory, Schenectaa, #d,
and the Materials & Processes Laboratory,
Since June 1975, he has been a Staff Member wit; th~
Energy Division of the Los Alamos Scientific Laborato-
ry, Los Alamos, NM.

Dr. Chowdhuri is a Fellow of the Institution of
Electrical Engineers, England, the American Associa-
tion for the Advancement of Science and the New York
Academy of Sciences. He is a member of the Power En-
gineering Society, Industry Applications Society,
Electromagnetic Compatibility Society of the IEEE, and
of CIGRE. He has received four U.S. patents.

degree in geology from University of ‘Colorado, Boul-
der, in 1969, and 1974 respectively.

From 1974 to 1976, she was a research consultant
for INSTAAR and CIRES, University of Colorado, Boulder
working in ice sheet models. In 1978, she joined the
Los Alamos Scientific Laboratory, Los Alamos, NM, and
is nw a staff member in the computer division.

.,

6

,,,


